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Let ϕ be a positive linear functional on Mn(C) and f , g mutually
conjugate in the sense of Young. In this note we show a necessary
and sufﬁcient condition for the inequality
|ϕ(A∗B)|  ϕ (f (|A|)) + ϕ (g(|B|)) (A, B ∈ Mn(C))
in terms of ϕ and f . We also see that the inequality
ϕ(|A∗B|)  ϕ(f (|A|)) + ϕ(g(|B|)) (A, B ∈ Mn(C))
implies the trace property of ϕ.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
LetMn(C) be the set of all complex n-squarematrices and Tr the standard trace onMn(C) : Tr(X) =∑n
i=1 xii for X = (xij) ∈ Mn(C). The modulus (X∗X)1/2 of X is written as |X|.
Let h = h(t) : [0,∞) → [0,∞) be a strictly increasing, continuous function with h(0) = 0 and
h(t) → ∞ as t → ∞. For such a function h, we deﬁne
f (x):=
∫ x
0
h(t) dt, g(y):=
∫ y
0
h−1(t) dt
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for x, y  0. Here, h−1 stands for the inverse function of h. We say that these functions are mutually
conjugate in the sense of Young. For instance, the function h(t) = t induces the pair f (x) = g(x) =
(1/2)x2. For mutually conjugate functions f and g, Young’s inequality is well-known:
xy  f (x) + g(y) (x, y  0).
The purpose of this note is to study the difference of the inequality conditions
|ϕ(A∗B)|  ϕ(f (|A|)) + ϕ(g(|B|)) (A, B ∈ Mn(C))
and
ϕ(|A∗B|)|  ϕ(f (|A|)) + ϕ(g(|B|)) (A, B ∈ Mn(C))
for a positive linear functional ϕ on Mn(C). The difference is clariﬁed in Theorems 1 and 2: the trace
property of ϕ can be characterised as in [2,3].
In the rest of this section, we recall basic inequalities: the well-known Schwarz’s inequality is
|ϕ(A∗B)|  {ϕ(|A|2)}1/2{ϕ(|B|2)}1/2 (A, B ∈ Mn(C)).
This condition is equivalent to
|ϕ(A∗B)|  1
2
ϕ(|A|2) + 1
2
ϕ(|B|2) (A, B ∈ Mn(C)). (1)
For the functions f (x) = g(x) = (1/2)x2, inequality (1) can be written as
|ϕ(A∗B)|  ϕ (f (|A|)) + ϕ (g(|B|)) . (2)
If we change h(t) as h(t) = mt (m > 0), then we have
f (x) = m
2
x2, g(x) = 1
2m
x2.
Since (1) yields
|ϕ(A∗B)| =
∣∣∣∣∣ϕ
(
(
√
mA)∗
(
1√
m
B
))∣∣∣∣∣  12ϕ(m|A|2) + 12ϕ
(
1
m
|B|2
)
,
we also have (2) in this case.
The famous Young’s inequality of trace is
|Tr(A∗B)|  Tr(|A∗B|)  Tr (f (|A|)) + Tr (g(|B|)) (3)
for A, B ∈ Mn(C). In fact, by Bhatia [1, III 6.1.2]
Tr(|A∗B|) 
n∑
i=1
si(A)si(B)

n∑
i=1
{f (si(A)) + g(si(B))}
= Tr (f (|A|)) + Tr (g(|B|)) .
2. Main theorems
Let us recall the fundamental property of Young’s inequality without proof:
Proposition 1. Let f and g be mutually conjugate in the sense of Young. Then
xy  f (x) + g(y) (x, y > 0)
and equality occurs at a pair (x, y) if and only if
y = f ′(x) or equivalently x = g′(y).
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Corollary 1. Let f and g be mutually conjugate in the sense of Young. Then the condition
f (x) = g(f ′(x)) (x > 0)
is equivalent to
2f (x) = xf ′(x) (x > 0),
and these are satisﬁed if and only if f (x) is a positive scalar multiple of the quadratic function x2.
Proof. By considering the equality case of Young’s inequality, we have in general
g(f ′(x)) = xf ′(x) − f (x) (x > 0).
Hence, the ﬁrst assertion follows.
For the second one, sufﬁciency is clear and necessity also follows from the differential equation
2f (x) = xf ′(x) (x > 0). 
Lemma 1. Letϕ be a positive linear functional onMn(C) and f , g mutually conjugate in the sense of Young.
Suppose that f (x) is not a positive scalar multiple of the quadratic function x2 and
|ϕ(AB)|  ϕ (f (A)) + ϕ (g(B)) (4)
holds for all positive matrices A, B ∈ Mn(C). Then ϕ is a positive scalar multiple of the trace Tr.
Proof. Since there exists uniquely a positivematrix D such that ϕ(·) = Tr(·D), it sufﬁces to verify that
D is a positive scalar multiple of the identity matrix. Taking into consideration
ϕ
(
V∗AVV∗BV
) = Tr (ABVDV∗)
for all unitary V and that VDV∗ is diagonal for some unitary V , we may and do assume that D is a
diagonal matrix diag(d1, . . . , dn). To show that di = dj for any pair i, j(i /= j), we consider matrices
A, Bwhose (k, l)-entry is zero except for (k, l) = (i, i), (i, j), (j, i), (j, j). Hence, it sufﬁces to consider the
case n = 2. We use the same matrices as in [2]; let
D :=diag
(
1
2
+ s, 1
2
− s
)
for a number s
(
0  s  1
2
)
. We show that s = 0.
For 0  a  1
2
and b:= 1
4
− a2, let
P :=
(
1
2
− a √b√
b 1
2
+ a
)
, Q :=
(
1
2
+ a √b√
b 1
2
− a
)
.
Put u:=
√
1
2
− a, v :=
√
1
2
+ a, and
U :=
(
u v
−v u
)
, V :=
(
v u
−u v
)
.
Then by direct computations,
PQ =
(
2b (1 − 2a)√b
(1 + 2a)√b 2b
)
,
U∗
(
1 0
0 0
)
U = P, V∗
(
1 0
0 0
)
V = Q .
By assumption, Proposition 1 and Corollary 1, there exists an α > 0 such that for β := f ′(α)
f (α) + g(β) = αβ , f (α) /= g(β).
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Let us consider
P˜ := αP, Q˜ := βQ .
Then we have
ϕ
(
f (˜P)
) = Tr ((f (α) 0
0 0
)
UDU∗
)
= f (α)
(
1
2
− 2sa
)
,
ϕ
(
g(Q˜)
) = Tr ((g(β) 0
0 0
)
VDV∗
)
= g(β)
(
1
2
+ 2sa
)
.
Note that f (0) = g(0) = 0. Hence, inequality (4) for A = P˜, B = Q˜ is
αβ(2b)  f (α)
(
1
2
− 2sa
)
+ g(β)
(
1
2
+ 2sa
)
,
or
−αβa2  (g(β) − f (α)) sa
for all awith 0  a  1/2. Dividing both sides by a > 0 and taking a as a → 0 yield
0  (g(β) − f (α)) s.
Substituting P,Q by each other, we have
0  (f (α) − g(β)) s.
Therefore, the assumption f (α) /= g(β) implies s = 0. 
Theorem 1. Let ϕ be a positive linear functional on Mn(C) and f , g mutually conjugate in the sense of
Young. Then the inequality
|ϕ(A∗B)|  ϕ (f (|A|)) + ϕ (g(|B|)) (A, B ∈ Mn(C))
holds if and only if one of the following conditions is satisﬁed:
(i) the function f (x) is a positive scalar multiple of the quadratic function x2;
(ii) the functional ϕ is a positive scalar multiple of the trace Tr.
Proof. Sufﬁciency is clear from the preceding observation on (2) and (3).
Necessity: suppose that condition (i) is not satisﬁed but the inequality holds. In this case, by Lemma
1, condition (ii) is satisﬁed; therefore, we get the conclusion. 
We observe another inequality condition:
Lemma 2. Letϕ be a positive linear functional onMn(C) and f , g mutually conjugate in the sense of Young.
Then
ϕ(|AB|)  ϕ(f (A)) + ϕ(g(B)) (5)
for all positive matrices A, B ∈ Mn(C) if and only if ϕ is a positive scalar multiple of the trace Tr.
Proof. We keep the same notation as in the proof of Lemma 1. Note that QPQ = 4bQ , or |PQ | =
(4b)1/2Q . For x > 0putting y = f ′(x)wehave f (x) + g(y) = xy and consider inequality (5) forA = xP
and B = yQ :
xy(4b)1/2ϕ(Q)  ϕ(f (xP)) + ϕ(g(yQ)).
This means
xy(4b)1/2
(
1
2
+ 2sa
)
 f (x)
(
1
2
− 2sa
)
+ g(y)
(
1
2
+ 2sa
)
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for all awith 0  a  1/2. We estimate the left-hand side as
xy
(
1
2
+ 2sa + o(a)
)
(a → 0)
and by the assumption f (x) + g(y) = xy, it follows that f (x)s  0 so that s = 0. 
Theorem 2. Let ϕ be a positive linear functional on Mn(C) and f , g mutually conjugate in the sense of
Young. Then
ϕ(|A∗B|)  ϕ(f (|A|)) + ϕ(g(|B|))
for all matrices A, B ∈ Mn(C) if and only if ϕ is a positive scalar multiple of the trace Tr.
In particular, we have the following by Bikchentaev and Tikhonov in [2].
Corollary 2. Let ϕ be a positive linear functional on Mn(C) and p, q > 0 with
1
p
+ 1
q
= 1. Then
ϕ(|A∗B|)  1
p
ϕ(|A|p) + 1
q
ϕ(|B|q)
for all matrices A, B ∈ Mn(C) if and only if ϕ is a positive scalar multiple of the trace Tr
In other words,
Corollary 3. Let ϕ be a positive linear functional on Mn(C) and p, q > 0 with
1
p
+ 1
q
= 1. Then
ϕ(|A∗B|)  {ϕ(|A|p)}1/p{ϕ(|B|q)}1/q
for all matrices A, B ∈ Mn(C) if and only if ϕ is a positive scalar multiple of the trace Tr.
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